INTRODUCTION
The inherent probabilistic features of quantum measurement play a central role in quantum mechanics. The probability distribution of outcomes of any measurement on a quantum system can be predicted if its quantum state is known. However, an unknown quantum state of a single particle cannot be directly determined in any experiment [1] . Nevertheless, if we have an ensemble of identically prepared particles, we can reconstruct the quantum state by measuring the expectation values of different observables.
One of the widely used methods for state reconstruction is the Quantum State Tomography (QST) technique [2, 3] , which often requires additional post-processing to ensure the physicality of the reconstructed density matrix [4, 5] . For a d-dimensional system, typically one requires d 2 − 1 measurements to reconstruct an arbitrary state. If we have prior knowledge about the state being pure, measurement of 5d − 7 observables suffices to give us a unique state [6, 7] . Over the last decade, several schemes to improve the scaling of QST with the dimension of the Hilbert space have been suggested [8] [9] [10] and recently the focus has been towards single-shot state estimation [11] [12] [13] [14] . In this letter, we present a novel method for reconstructing (pure or mixed) quantum state of a qubit along with its experimental implementation, and also extend the scheme to infer state of d-dimensional qudits requiring only d − 1 measurements, which serves as a promising and less cumbersome alternative to QST.
Earlier, other alternatives to the standard quantum state tomography using projective measurements have been explored, in which the strength of interaction may be strong as in [15] or weak as in [16] [17] [18] . Since weak measurements [19, 20] can give us complex weak values of observables, they have paved the way for direct measurement of quantum state [21] [22] [23] . Direct measurements have been employed for state reconstruction of not only qubits [24] but also of systems with dimensions as high as a million [25] [26] [27] . The reconstruction of the state us-ing this method involving weak measurements is robust against first order errors due to finite interaction strength but is less precise than QST [28] . However, the concept of direct measurement has been generalized to arbitrary measurement strength and it has been shown that strong direct measurement can sometimes give precise and accurate state estimation [29] [30] [31] . Direct measurement has also been used to reconstruct entangled states [32] .
Recently, it has been shown by us [33] and others [34] that the complex weak values can be obtained without performing weak measurement, which can lead to efficient direct measurement of quantum states [35] . We have also shown that knowing the weak value of a Hermitian operator R in pre-selected state |ψ and post-selected state |φ = U † |ψ can give us the expectation value of the non-Hermitian operator A = U R, where U is a unitary matrix [36] . Expectation value of non-Hermitian column operators have been used for direct measurement of the state [37] .
Earlier, we obtained the expectation value of a nonhermitian spin ladder operator [33] without weak measurement or post-selection but from the visibility and the phase-shift in a Mach-Zehnder interferometer.
In this letter, we show that interferometric methods can be used to infer the quantum state of an ensemble of identically prepared qubits by a singe-shot measurement based method [38] . We name our method Quantum State Interferography (QSI). While QSI has enormous practical benefits vis-a-vis quantum state estimation, it is also intriguing from an interpretational perspective in the following sense. When a quantum system traverses through a Mach-Zehnder interferometer, it behaves both as a wave and a particle, but when it is detected at the screen or detector its particle behaviour is manifested. The interference pattern, on the other hand, is traditionally a manifestation of its wave nature. In QSI, we show that from the interference pattern, we can recover the full information about the wave and the particle (quantum state).
We experimentally implement it in polarization degree arXiv:2002.07446v1 [quant-ph] 18 Feb 2020 of freedom of light which yields a single-shot method for characterization of polarization state of light which is useful in various applications like quantum information processing protocols [39, 40] .
In the next section , we discuss the theory for how a two-path interferometer can be used to reconstruct not only the pure states but also the mixed states. We then experimentally demonstrate the method using 632.8 nm Helium-Neon laser light in a displaced Sagnac interferometer [41] . Then, we extend the protocol to qudits and show the advantage of using quantum state interferography over quantum state tomography for pure states. Figure 1 . The polarization state is prepared by using the λ/2 plate and the λ/4 plate which can be at arbitrary orientations. The Mach-Zehnder interferometer is formed by the two beam splitters (BS). On one arm we place a λ/2 plate oriented at π/4 to realize the σx operator. On the other arm, we use a polarizer with transmission axis oriented along horizontal, or alternatively, the transmitting port of the polarizing beam splitter (PBS) to effectively realize the operator Π0. The phase shifter (PS) introduces a relative phase ϕ between the two arms and we measure the intensity at the photodetector (PD) as a function of ϕ.
If a pure state |ψ is incident onto the first beam splitter (BS) of the MZI , the intensity at the photodetector [33] is given by
By knowing I(ϕ), which can be experimentally obtained from a single interference pattern as we show in the next section , we can determine Π 0 and σ − .
If the incident state is a mixed state given by ρ, we obtain the intensity at the detector [42] as follows:
The phase shift of the interference pattern is obtained at the value of ϕ that maximizes I(ϕ). Since 0 ≤ θ ≤ π on the Bloch Sphere, sin(θ) in the last term is always positive. Hence the phase shift is obtained as Φ = φ.
The phase averaged intensity is given bȳ
We can uniquely determine θ ∈ [0, π] fromĪ which is experimentally always normalized with the incident intensity. Once θ is known, µ can be obtained from visibility which is given by
Thus, by determining visibility V , phase averaged inten-sityĪ and phase shift Φ from the interference pattern I(ϕ), we can reconstruct ρ.
EXPERIMENTAL METHODS
The input state is prepared by placing a half-wave plate (HWP : Thorlabs WPH05M-633) at an angle α followed by a quarter-wave plate (QWP: Thorlabs WPQ05M-633) at angle β in the path of a vertically polarized beam from a Helium Neon Laser (632.8 nm) before it enters the interferometer. Since the aim is to obtain the phase shift of the interference pattern as one changes α and β, the Mach-Zehnder interferometer needs to be phase-stabilized against vibrations that change the path difference. Hence, to infer phase shift, we prefer interferometers that are not prone to vibrations, e.g., double slit interferometer and the Sagnac interferometer. In principle, for a double-slit interferometer, we can place a HWP (as σ x operation) in one slit and a polarizer with transmission axis along horizontal (as Π 0 operation) in the other slit and measure the interference pattern [43] . But due to manufacturing difficulties of slit-sized waveplates, we choose to use the Sagnac interferometer as described in Fig. 2 . Figure 2 . Non-Collinear displaced Sagnac Interferometer for Polarization State Interferography: We use the Sagnac interferometer in non-collinear configuration [33] , i.e., we tilt the beam splitter (Thorlabs BS013) to obtain double-slit like interference pattern. We use the displaced Sagnac configuration [41] instead of the common-path configuration in order to place the polarizing beam splitter (PBS, Thorlabs PBS122) in one arm and the HWP (Thorlabs WPH05M-633) in the other. The glass plate, (parallel window WG40530-B) placed in one of the paths is tilted to achieve the displacement of that beam to ensure maximum overlap of the two non-collinear beams at the beam profiler .
For a fixed angle α of the HWP, we rotate the QWP and obtain 5 images for a given β. We first orient the image to have fringes along the horizontal (along x f ). For each image, we take 100 horizontal slices about the vertical centroid and fit each slice with the model which is a Gaussian weighted cosine function given below.
Here, B f is the background noise and A f is the amplitude of the Gaussian envelope centred at m f with standard deviation as 1/2c f . The fringe width is given by 2π/k f . The visibility of the fringe and phase shift are determined from v f and φ f respectively. We weigh the data with the vertical Gaussian profile and then take mean and standard deviation of each of the parameters over the 100 slices. If the model does not fit any of the slices, i.e., the adjusted R 2 of the fit was less than 0.99, we give it zero weight. For φ f , we use circular mean and circular standard deviation [44] [45] . The amplitude A f is corrected against the vertical Gaussian weight. Finally, we take the average (over 5 images) of the the averages (over 100 slices) to represent the mean experimental value. The error bars [46] are represented by the maximum of standard deviation (over 5 images) of means (over 100 slices) and the RMS value of the standard deviations (over 100 slices). We then repeat the same for various HWP angles α. Finally, we take a dataset with QWP absent in order to find the the zero reference of the phase shift.
RESULTS
From the interference pattern obtained in the noncollinear displaced Sagnac interferometer, we determine the visibility, the phase shift and the average intensity for different polarization states prepared by different (α, β) combinations as described in the previous section and then compute the fidelity of the reconstructed states compared to the prepared ones.
Phase Shift, Average Intensity and Visibility from the Interferogram The HWP does not introduce any phase shift, i.e., it transforms an incident linear polarization to another linear polarization. However, due to the two interfering beams having arbitrary but constant path difference in the displaced Sagnac geometry, the phase shift obtained is not an exact zero but some constant, which is then taken as the reference.
The phase shift obtained from the interferogram has more error when θ is closer to 0 or π, since the Bloch vector is closer to the poles where φ is undefined. This is manifested in noticeable deviations of the experimental graphs from the theory for HWP angles 0 • and 45 • . All the experimentally obtained averaged intensity are normalized (with norm = 0.5) with respect to the corresponding maximum of the average intensity obtained as a function of HWP in the absence of QWP. This step can be avoided if the detector is calibrated against known input intensity. The average intensity does not depend on the interference and hence is not prone to errors that affect the visibility and the phase shift. It only depends on the polarization state and not on the spatial overlap of the beams, stability of the interferometer, wavefront or beam shape.
The particular HWP and QWP used cause angular deviation of the beam as they are rotated. As a result, the overlap of the two beams at the detector also changes and that leads to the experimentally obtained visibility to be systematically lower than the theory at certain angles of the wave plate.
The beam splitter also has transmission and reflection probability dependent on the polarization by about 3%. These two effects, along with other minor effects such as the intensity averaging over the area of the sensor are the reasons why the visibility is systematically lower.
Purity and Fidelity The incident beam is in a (almost) pure state of polarization , i.e., it is better than 99 % vertical, and hence only inferring θ and φ would suffice to reconstruct the state. We compute the fidelity of the state reconstructed from θ and φ determined by the experimentally obtained average intensityĪ and phase shift Φ respectively. The errors obtained in phase shift and average intensity are propagated to the calculation of fidelity for a single state. The mean fidelity calcu-lated from experimentally obtained mean phase shift (Φ) and mean average intensity (Ī) are plotted on the Bloch sphere at the θ and φ of the prepared state in Fig. 6 (Left) with the values indicated by the colorbar. The average fidelity over all the prepared states is greater than 98 % as shown in Table I . Although the incident state was almost pure, we aim to show that the method can be used in experiments involving mixed states as well. Hence, we reconstruct the density matrix, as given in Eqn. 1 using the µ value determined from the experimentally obtained visibility, with the restriction that it makes the reconstructed density matrix physical, i.e., Tr ρ 2 ≤ 1. Since the experimentally obtained visibility is significantly and systematically lower than the theory, the reconstructed density matrix also has a lower purity but still, on the average, greater than 80%. The fidelity of the density matrix with the prepared pure state therefore slightly drops but still remains greater than 90% for all the prepared states even in the worst case.
Average
Best Case Worst Case Purity (Tr ρ 2 ) 0.92(5) +0.03 (7) −0.03 (7) 0.98(0) +0.01 (9) −0.02 (7) 0.85 (7) +0.06 (5) −0.03 (1) Mixed state Fidelity Fm 0.94(1) +0.02 (5) −0.01 (3) 0.98(1) +0.00 (9) −0.01 (2) 0.90(2) +0.03 (2) −0.01 (4) Pure state Fidelity Fp 0.98(3) +0.00 (4) −0.00 (6) 0.99(5) +0.00 (2) −0.00 (5) 0.97(0) +0.00 (6) −0.00 (6) Table I. Purity and Fidelity : In this table, we report the median over all the prepared states of average fidelity along with the upper and lower quartile deviations. The same is also presented for the best case and worst case defined by highest and lowest fidelity (or purity) obtained after error (obtained from statistics of the average intensity, phase shift and visibility) propagation of half standard deviation about the mean quantities. We report median analysis as the errors introduced in are state dependent. For instance, there is more uncertainty in determining phase shift whenever the visibility is low. The best case suggests that if systematic and random errors can be minimized (eg: by using cage mount assembly for better stability and miniaturizing the setup to avoid effects due to pointing fluctuations/ angular deviation caused due to waveplates), the method can give us state estimation with fidelity better than 0.98. The median of the average mixed state fidelity over all the states is lower than the corresponding median for the reconstructed pure states. This is because of the errors in determining µ from the visibility which is affected by pixel averaging, overlap of the two beams and change in ellipticity of polarization at each reflection.
QUANTUM STATE INTERFEROGRAPHY FOR QUDIT PURE STATES
Any ray in d-dimensional Hilbert space can be parameterized by {θ j , φ j }; j = 1, 2, . . . , d − 1.
The first term of the vector can always be made a positive real number because we can ignore the global phase and hence can always be expressed as cos(θ 1 /2). The second term can be in general complex but can have the maximum magnitude as sin(θ 1 /2). Hence in the polar form [47] it can be written as sin(θ 1 /2) cos(θ 2 /2) exp(iφ 1 ). Similarly, the k-th term can be written as
The final term's magnitude is determined by all the previous terms due to normalization condition and hence is given by
Hence, the polar representation of a state in d-dimensional Hilbert space will be,
The proposal is to use d − 1 Mach Zehnder (or equivalent) interferometers on each of the two dimensional {k, k + 1} subspace of the d-dimensional state |ψ (d) in the sequence in which the vectors are represented. The expectation values of σ − and Π 0 operators for the 2dimensional subspace can be obtained directly from visibility, phase averaged intensity and phase shift of the interference pattern.
We shall use the notation O (k) to denote the operator O meant for qubits realized in the k-th 2-dimensional subspace. The operators for d-dimensional qudits are represented as O [k] .
The k-th 2 dimensional subspace is given by
Next, we compute the matrix element of the spin ladder operator in the two dimensional subspace.
Here, ξ(k) = k−1 j=1 sin 2 θj 2 . We directly obtain the relative phase φ k in the twodimensional subspace from the argument of the matrix element of the spin ladder operator in that subspace. To determine θ k , however, we need to know ξ(k) and θ k+1 as well. Nevertheless, as in the case for qubits, we would need to measure the matrix element of Π
We can determine θ 1 and subsequently θ 2 as follows:
Hence for the subspace {k, k + 1} with k = 2, we already know ξ (2) . Similarly, we can determine θ k and θ k+1 from the following equations since ξ(k) would have been known if we solve in the ascending sequence of subspaces.
We can employ the same trick of polar decomposing the ladder operator in Π x -the spin-flip operator in that subspace. We have to design d − 1 such MZI setup for the reconstruction of a d-dimensional qudit. In each such MZI, we are effectively obtaining the expectation value of the ladder operator in the k-th subspace {|k , |k + 1 }.
Next, we present a generic scheme to construct all the necessary operators in each subspace from the Pauli operators in the d-dimensional Hilbert space. We illustrate the same using the example of qutrits in Fig 7. First, we divide the beam into d − 1 spatial modes. For qutrit, we can use a 50:50 Beam splitter BS 0 to do the same. For each beam, we construct the Mach-Zehnder interferometer which acts on a 2-dimensional subspace.
Here, the beam splitters BS 11 and BS 12 forms the MZI for the subspace consisting of spin modes {|0 , |1 }. This is achieved by splitting the beam into three spin modes by the Spin Tritter ST and blocking |2 . The spin tritter is manifestation of σ [3] z measurement operator. On one arm of the MZI, we add a phase shift exp(iϕ 1 ) in the spin mode |0 and block the mode |1 . The effective operator in this arm is then given by exp(iϕ 1 )Π (1) 0 . In the other arm of the MZI, we use the spin flipper (SF 1 ), which is the operator σ (1) x , to swap the mode |0 with |1 . The spin flipper can be realized by applying spin rotators as shown in Fig. 7 on each of the components or alternatively by σ [3] x evolution operator and then splitting the beam again to discard the component along |2 . Finally, the spin modes in each arm are recombined using the spin combiner (reverse of tritter) SC 11 and SC 22 respectively. The two spatial modes are recombined using BS 12 and one of the ports of this MZI needs to be detected. Intensity I d1 is measured as a function of ϕ 1 to obtain visibility, phase shift and phase averaged intensity in the detector D 1 . Similarly, the second MZI consist of BS 21 and BS 22 and acts on the spin subspace {|1 , |2 }. After the tritters ST 21 and ST 22 , the spin mode |0 is blocked. On one arm we have the operator exp(iϕ 2 )Π (2) 0 and on the other arm we have the spin-flip operator σ (2) x that swaps mode |1 with |2 . This trick can be generalized with d-dimensions simply by blocking all other components after the spin splitter (ST) except the desired pair.
The intensity [48] at the detector at the end of k-th MZI would be given by
Hence, we would obtain the phase shift Φ k = φ k . The phase averaged intensity (with normalized subspace) is obtained as
.
I k now only contains the terms involving θ k and θ k+1 and does not carry the effect of all θ j 's in form of k−1 j=1 sin 2 (θ j ). Therefore, we can directly compute θ d−1 using I d−1 from
Knowing θ d−1 , we can know θ d−2 and then iteratively all the θ k 's can be found. Additionally, we can make use of the visibility of the interference pattern for the k-th subspace as another known quantity to infer θ d−1 and θ d−2 .
Thus, we have
We can obtain, θ d−1 from Eqn. 23 and then plug it in the expression V d−2 to obtain θ d−2 . Knowing θ d−2 , we can infer θ d−3 from V d−3 and so on. In this sequential method we can obtain all the polar angles θ k 's.
CONCLUSIONS AND OUTLOOK
In summary, we have proposed quantum state interferography as a method to reconstruct a qubit state, whether pure or mixed, in a single experimental set up, and experimentally demonstrated our scheme with average fidelity greater than 94%. This forms a viable alternative to quantum state tomography as well as other direct measurement techniques to infer the state of an ensemble of identically prepared qubits.
All the parameters needed to determine the state are obtained from the interference pattern produced using a single shot measurement. Since the interference pattern obtained using the coherent laser light source and a stream of single photons would be identical [49, 50] , the method described here is applicable for determining state of identically prepared ensemble of single photons as well. However, since the single photon based interference pattern is not expected to have high contrast due to low statistics, this method would work better for large ensembles, which is also the case for weak measurement based direct state measurement methods.
QSI is a very useful contribution to the quantum information community as it provides us with a "black box" approach to quantum state estimation, wherein, between the incidence of the photon and extraction of state information, we are not changing any conditions within the set-up. This thus provides us a true single shot estimation of the quantum state. This has a rich potential for future technological development as it can easily lead to a miniaturised device with the incidence at the input port and the state estimation being the output of the device, where the inner settings of the device need not even be known to the user.
We have also shown here how QSI can be extended to estimate pure states of d dimensional qudits with d − 1 measurements. This is achieved by representing a d dimensional qudit using 2(d−1) parameters and extracting 2 parameters from each interferogram. While for qubits, we require one measurement as opposed to three in standard QST, the improvement is even more tremendous for qudits where standard quantum state tomography, without any assumptions, scales roughly as d 2 and for pure states, the scaling has been brought down to 5d − 7 [6, 7] so far. This may help in efficient characterization of higher dimensional systems [51] aimed towards quantum information processing, quantum computation and quantum communication.
Supplementary Material

DERIVATION OF INTENSITY AT THE OUTPUT PORT OF INTERFEROMETER
Any pure state for one-qubit can be written in terms of Bloch sphere coordinates as |ψ = {cos(θ/2), sin(θ/2) exp(iφ)}. By knowing θ and φ from an experiment, we can infer any unknown pure state. If we compute the expectation value of spin ladder operator σ − = 1 2 (σ x − iσ y ) in the state |ψ , we have the polar coordinate θ appearing only in the magnitude of the complex expectation value σ − = (1/2) sin(θ) exp(−iφ) and the azimuthal coordinate appearing only as a phase in the Argand plane. The expectation value of the non-Hermitian spin ladder operator σ − cannot be obtained from statistics of measurement outcomes but can be inferred from the weak value [19] of R, where R = σ † − σ − , in the pre-selected state |ψ and the post-selected state |φ = U † |ψ , where U is a unitary matrix satisfying σ − = U R. [36] .
If we consider a mixed state for one-qubit (say a spin 1/2 particle), a complete description of its density matrix ρ s requires knowledge of three parameters θ, φ and µ.
Here, µ governs the purity of the density matrix ρ s .
The three (real) parameters for an unknown one-qubit mixed state can not be obtained from the weak value (a single complex number). However, it has been shown that the expectation value of σ − in a pure state |ψ or the weak value of R in the preselected state |ψ and postselected state |φ = U † |ψ can be inferred from visibility and phase shift obtained in a Mach-Zehnder interferometer [33] . In this article, we show that any one-qubit mixed state ρ s can be inferred from the phase-averaged intensity, visibility and phase shift of the interference pattern obtained in the Mach-Zehnder interferometer, where the optical component corresponding to R is the transmitting port of a Polarizing beam splitter or Polarizer with its transmission axis oriented along horizontal is placed in one arm of the interferometer and the optical component corresponding to U (the half-wave plate with its fast axis oriented at an angle π/4 from horizontal i.e as σ x ) is placed in the other arm.
Let us consider the experimental set-up, as shown in Fig. 8 . In the polarization subspace, the Jones representation for a Polarizer with transmission axis oriented along horizontal (or for a Polarizing Beam Splitter) becomes a non-unitary matrix. Hence, the overall evolution operator that describes the Mach-Zehnder interferometer, along with components shown in Fig. 8 , is not trace-preserving. To have a unitary description, we have to include all the states in the path degree of freedom as well and describe all the operators in a higher dimensional Hilbert space. There are 3 input paths to the Mach-Zehnder interferometer {|a , |b , |e }. The beam is made incident only in port |a and hence the density matrix for path degree of freedom in the basis {|a , |b , |e } is given as follows:
The incident beam may then be represented as an outer product of the path and polarization (spin) density matrices. 
The complete beam splitter operators in the path and polarization degree of freedom are given by
The phase-shifter acts only on path |d and hence we write the operator as U (Φ) = Π d exp(iϕ) + (Π c + Π e ) ⊗ 1.
The action of the half-wave plate can be viewed as the σ x operation in arm |c and identity on {|d , |e }. 
Now, we can compute the final density matrix after the Mach-Zehnder interferometer.
Till now, all the evolution has been unitary and the above density matrix has unit trace. We now place the detector/beam-profiler only in the port {|h }. We represent the projector as Π h . 
The resultant component of the density matrix in the port |h that is going to be detected is given by the following reduced density matrix 
The total intensity at the detector is obtained by taking the trace of the above density matrix in the polarization subspace, i.e.,
The phase shift of the interference pattern is obtained at the value of ϕ that maximizes I d . Since 0 ≤ θ ≤ π in a Bloch Sphere, sine in the last term is always positive and hence the phase shift is given by φ. The phase averaged power is given by 1 8 (3 + cos(θ)). Thus, the θ, φ are determined from the average power and the phase shift in an interferometer port. Once θ is known, µ can be obtained from visibility which is given by 2µ sin(θ) 3+cos(θ) .
COMPARISON OF VARIOUS INTERFEROMETRIC METHODS
One of the disadvantages of using the Mach Zehnder interferometer is that we need to stabilize the path difference to obtain any meaningful phase information. However, to avoid the problem one can simply use an equivalent double slit set up, with one slit filled with a polarizer (R) and the other slit filled with the half wave plate (U). The interference pattern here would be insensitive to external noise and thus acts as an ideal device to give us the interference pattern from which both visibility and phase shift can be accurately obtained. The phase shift obtained is θ independent and is a unique function of φ. Visibility however, although independent of φ is a many(two) to one function of θ. Therefore, we consider the phase averaged intensity which is a one to one map of θ. Visibility, nevertheless, helps in distinguishing µ -the paramter governing purity of the state.
CHOICE OF STATISTICS
The interference pattern in a Sagnac interferometer is not affected by the low frequency vibrations and hence repetitions of image acquisition over time are reproducible. Thus taking five images (exposure of 13 ms) in intervals of about 500 ms for a given prepared state give us consistent results. However, the envelope of the transverse profile of the beam is not perfectly Gaussian because of dust on optical components and on the imaging sensor. Therefore, instead of taking just one profile from the image, we take 100 horizontal slices about the vertical centroid. The slices which are far off the vertical centroid are affected the most due to lack of perfect overlap between the two beams coming from two different paths of the interferometer. Therefore, 100 slices, which are within FWHM of the vertical Gaussian envelope, is optimal to have enough sampling of the beam to eliminate irregularities. The standard deviation of the fit parameters is obtained because the variation of these 100 slices is larger than the changes in mean of the fit parameters across 5 images and hence 5 images give us enough statistics.
CIRCULAR MEAN AND STANDARD DEVIATION
Consider an array A φ containing the list of circular variable φ. Then the circular mean for a list of N values is given by
Here, arctan (x, y) gives the arc tangent of y/x after taking into account the quadrant to which the pair belongs to.
We use the square root of the circular variance as the standard deviation which is computed as follows: 
REPRESENTATION OF QUDITS
We aim to extend the idea implemented for qutrits to d-dimensional qudits. Any d dimensional pure state can be represented as follows:
We prove that the coordinates {θ j , φ j }; j = 1, 2 . . . d − 1 makes |ψ (d) span the entire vector space by the use of principle of mathematical induction. We have already verified that this representation spans the Hilbert space for d = 2 (Bloch sphere for qubits) and d = 3 (two sequential Bloch vectors for qutrit). We then assume that |ψ (k) spans the k-dimensional Hilbert space and aim to argue that, by implication, we can conclude that |ψ (k+1) spans all the rays in the k + 1 dimensional Hilbert space. We have
Since |ψ (k) spans the k-dimensional Hilbert space, we have {α 1 , α 2 . . . α k } as the set of arbitrary complex numbers up to a global phase and constrained to normalization. Thus, we now have to show that now α k+1 can be an arbitrary complex number. Because θ k ∈ [0, π] and φ k ∈ (−π, π] makes k−1 j=1 sin θj 2 e iφj sin θ k 2 e iφ k an arbitrary complex number with magnitude bounded by | k−1 j=1 sin θj 2 e iφj |, |ψ k+1 spans the entire k + 1-dimensional Hilbert space. Note that α k has to be scaled by cos θ k 2 but still represents an arbitrary complex number.
EXPERIMENTAL PROTOCOL
The proposal is to use the d − 1 Mach Zehnder (or equivalent) Interferometers on each of the two dimensional {|k , |k + 1 } subspace of the d-dimensional state |ψ (d) in the sequence in which we represent the vectors.
The k-th 2-d subspace is given by
Next, we compute the expectation value of the spin ladder operator in the two dimensional subspace.
Using this we directly obtain the relative phase φ k in the two-dimensional subspace from the argument of the expectation value of the spin ladder operator. To determine θ k , we need to know sin(θ k+1 ) as well as k−1 j=1 sin 2 (θ j ) and the method to obtain the same is discussed in the next section. Now, we discuss a generic protocol for measuring the expectation values of the sequence of spin ladder operators. We employ the same trick of polar decomposing the ladder operator in Π (k) 0 and σ (k)
x operators in the two-dimensional k-th subspace. On one arm, we have the operator exp(iϕ k )Π (k) 0 ,i.e., the phase shifter for the k-th MZI and projector on the mode |k and the other arm having the σ (k) x the spin-flip operator in the subspace that swaps |k with |k + 1 . We have to design d − 1 such MZI setup for a d-dimensional qudit. In each such MZI, we are effectively obtaining the expectation value of the ladder operator for k to k + 1 mode. Figure 14 . Schematic of the generalization of the protocol to measure the quantum state of any qutrit. This method is scalable to any higher dimensional system. First, we divide the beam into d − 1 spatial modes. For qutrit, we can use a 50:50 Beam splitter BS 0 to do the same. For each beam, we construct the Mach-Zehnder interferometer which acts on a 2-dimensional subspace. Here, the beam splitters BS 11 and BS 12 forms the MZI for the subspace consisting of spin modes {|0 , |1 }. This is achieved by splitting the beam into three spin modes by the Spin Tritter ST and blocking |2 . On one arm of the MZI, we just add a phase shift exp(iϕ 1 ) in spin mode |0 and block mode |1 . The effective operator in this arm is then given by exp(iϕ 1 )Π (0) 0 . In the other arm of the MZI, we use the spin flipper (SF 1 ) to swap the mode |1 with |2 . Finally, the spin modes in each arm are recombined using the spin combiner(reverse of tritter) SC 11 and SC 22 respectively. The two spatial modes are recombined using BS 12 and one of the ports of this MZI needs to be detected. Intensity I d1 is measured as a function of ϕ 1 to obtain visibility, phase shift and phase averaged intensity in the detector D 1 . Similarly, the second MZI consist of BS 21 and BS 22 and acts on the spin subspace {|1 , |2 }. After the tritters ST 21 and ST 22 , the spin mode |0 is blocked. On one arm we have the operator exp(iϕ 2 )Π (1) 0 and on the other arm we have the spin-flip operator that swaps mode Alternative Method Alternatively, we can solve for θ 1 and θ 2 using visibility V 1 and phase averaged intensityĪ 1 . V 1 = 4 cos θ2 2 sin(θ 1 ) 5 + cos(θ 1 )(3 − cos(θ 2 )) + cos(θ 2 )) (49) I 1 = 1 16 (5 + cos(θ 2 ) + cos(θ 1 )(3 − cos(θ 2 ))) (50) We have to solve the above two equations simultaneously. The advantage is that once we know θ 1 , θ 2 , we can infer θ 3 fromĪ 2 (or V 2 ). We only have to solve the simultaneous equations once and then use the recursive property ofĪ k and V k to infer other θ k 's. Note that, from above we may have multiple solutions in which case we have to resort to solving for θ k and θ k+1 using V k andĪ k . Normalization The projection of the state in the k-th subspace (|ψ k ) is not normalized. Apriori, there is no need for normalization because the projection of a vector need not have pre-defined norm. Nevertheless, below we express the expectation values in normalized form. 
Thus, even in normalized form, the argument of the complex expectation value of the ladder operator σ (k) − still gives us the relative phase in the k -th subspace. The above form assumes that the factors k−1 j=1 sin 2 ( θj 2 ) cancels out between numerator and denominator requiring that θ j = 0 ∀j < k. However, it should be pointed out that in the limiting case, the terms always cancels out. However, when θ k = 0 and θ k+1 = 0 simultaneously, |ψ k cannot be normalized.
Similarly, we can express the average intensity in the normalized form as follows:
I k = 5 + cos(θ k+1 ) + cos(θ k )(3 − cos(θ k+1 )) 4(3 + cos(θ k+1 ) + cos(θ k )(1 − cos(θ k+1 )) (52)
The advantage of this normalized form isĪ k now only contains the terms involving θ k and θ k+1 and does not carry the effect of all θ j 's in the form of Knowing θ d−1 , we can know θ d−2 fromĪ d−2 and then iteratively all the θ k 's can be found.
